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ON PSEUDO-RESOLVENTS OF LINEAR INTEGRAL EQUATIONS IN 

GENERAL ANALYSIS. 

Bt T. H. Hildebkandt. 

The purpose of this note is to extend the theory of pseudo-resolvents 
in linear integral equations as given by W. A. Hurwitz* to the General 
Analysis situation. This extension is a perfectly obvious one, if the 
basis is that used by Mooref for the Hilbert-Schmidt theory. For in 
this theory it is possible to carry through the argument exactly as given 
by Hurwitz. However, the Hurwitz theory is intended to replace the 
theory based on Fredholm minors, and so it would be desirable to operate 
on the basis which Moore uses for the Fredholm theory. We show that 
this is posS^ible if we add an additional postulate on the /-operation in 
the case of one theorem: Theorem 5. 

We assume that we are working in a basis (Se).*! 

i, ^, ^ = mm. 

%; J" on ^ to 21 

% m, ^ = mm). 

where 21 is the class of complex numbers, ^ and ^ are general classes of 
eleinents: p and p; W and 50t are classes of functions (/l, ^,17; /I, |, rj) 
on ■$, ^ respectively to 21, and have the properties L, C and D; the 
operator J has the properties L and M, where in accordance with a recent 
simplification of Professor Moore's, J has the property M, if for every v 
the values of \Jvi\ for the functions \vi\ ^ \v\ have an upper bound. 
If Mv is defined to be the least upper bound of such values then ilf is a 
functional operation on yi to the non-negative real part of 21, of such a 
nature that 

if \vi\ s \v\ then \Jvi\ ^ Mv and Mvi S Mv. 

We shall assume the following results derivable from the existence of 
the Fredholm determinant and first minor in this basis: 



*Cf. Transactions of the American Mathematical Society, vol. 13 (1912), pp. 405-418; 
16 (1915), pp. 121-133. The desirability of such an extension has recently been mentioned by 
Evans: Cambridge Colloquium, p. 115. The present note gives a general case including the two 
papers of Hurwitz as special cases. 

t Cf. Bulletin of the American Mathematical Society, ser. 2, vol. 18 (1912), p. 361, and 
Proceedings of Fifth International Congress, Cambridge, vol. I, p. 232. 

t Cf. Moore, loc. cit., p. 352. 
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324 T. H. HILDEBEANDT. 

(A) If the equation | + Jk| = has a solution | which is not identi- 
cally zero, then the adjoint equation | + J^k = has a solution | not 
identically zero, and conversely. 

(B) The Fredholm determinant Fo(k; z) of zk is an entire function of 
2. If Ki and K2 are such that JkiK2 = 0, then 

Fo{ki + k2; s) = Fo(ki; z)Fo{k2; z). 

We also note the following well-known result from the theory of linear 
independence of functions: 

(C) A necessary and sufficient condition that n functions ni, • • • , Mn 
on 'ip to 31 be linearly independent, is that there exist values pi, • • •, fn 
of the range '^ such that the determinant of the elements mif,) is not 
zero. As a consequence, if mi) • ■ • > Mn are hnearly independent, it is 
possible to find linear combinations juo.- of the Mi such that Mot(Pi) = ^a 
(where ha is the Kronecker 8, i.e., zero for i + j and unity for i = j) 
and such that the set juoi is Unearly equivalent to the set m.- 

We then have the following theorems : 

1. The number of linearly independent solutions of I + JkI.= is 
finite. 

Let Ml, • • • , Mn be a set of linearly independent solutions of $ -|- Jk^ = 0, 
which according to (C) can be chosen in such a way that there exist p, 
for which y.i{pj) = Sy. Then if k{pj) = m> (which is obviously a func- 
tion of the class 50i), we have: 

Jtatij = jK{pi)iJ.j = — M.(Pi) = — 5,v. 
Let 

Ki = K — Si"MiM,- and K2 = Si"m»m»' 
Then 

JkiK2 = J{k — ljy.i^i)1iy.jy.j = 0. 

Hence 

Fo(k; s) = JPo(k — SjiiiMi -1- S/tiMi; z) 

= Fo(SMiili; 2)i^o(K - SMiM.-; z) = (1 - z)"Fo(k - SMiMi; z). 

Since Fo(k; z) is an entire function of z, it can have the root z = 1 at most a 
finite number of times. Hence n is bounded. 

A similar result holds for the equation | -H J^k = 0. 

2. The equaiion | -|- Jk^ = and its adjoint ^ + J^k = have the 
same number of linearly independent solutions. 

Let Moi_(i = 1, • • •, n) be a complete set of linearly independent solu- 
tions of $ -H Jk^ = of such a nature that Mof(p>) = — ^a, and let 
"(Pi) = Mi, so that Jfiiixoi = Sij. Similarly let mos {i = J-> • • •, m) he a 
complete set of linearly independent solutions of | -|- J^k = 0, such that 
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Mo»(py) = — Sij and let k(pj) = /ly so that JtioiiJ-j = ^a. Suppose m < n. 
Then set kq = k + Si"*;!*;/!*,-. Then by following out the method used by 
Hurwitz, it can be shown that the equation ^ + J^ko = has no non- 
identically zero solution, while ^ + Jkq^ = has at least the solution 
Mom+i, which by the result {A) is impossible. 

As an immediate consequence it follows that ko has a reciprocal X. 
If we replace ko by its equivalent in the reciprocal relations which it 
satisfies, and make a slight transformation, we find that 

3. K + \ + JkX + Si"m.Mo.- = 0, 
K + X + JXk + Si"jUo(Mi = 0. 

By using these relations, we prove at once: 

4. A necessary and sufficient condition that | + Jk^ = iij shall have a 
solution I is that JjloiV = for every i. The solution is expressible in the 
form 

i = n + J\ri + SCi/Ioi, 

where the d are arbitrary constants. 

Hurwitz's definition of pseudo-resolvents in this situation reads: 
X is a pseudo-resolvent of kH the solution of the equation 

I + /k| = rj 

in which JJioiV = for i = 1, ■ ■ ■, n (/uof being any complete set of linearly 
independent solutions of the adjoint homogeneous equation ^ + J^'k = 0) 
is expressible in the form 

I = ■^ + JXt? + 2Ci/ioi 

where jlot constitute a complete set of solutions of the homogeneous 
equation | + Jk^ = 0. 

For the following theorem it is desirable to introduce another postulate 
on the /-operation,* which is a generalization of the definite property of 
the integral. It is as follows: 

If JAoM = iot every Jl of the class 2)j, then jlo = 0. 

This property is equivalent to: 

If Jkom = for every jj, of the class W, then ko = 0. If J has this 
property, we shall say that it is definite on the left. Similarly J is definite 
on the right, if Jmaio = or J/xko = for every /I of the class 9Jt has as 
consequence mo = and kq = 0, respectively. If / is definite on the 
right and left, then it is said to be definite. 

We then have the theorem: 

5. If J is definite on the left, a necessary and sufficient condition that X 



* Cf. Transactions of the American Mathematical Society, vol. 19 (1918), p. 101. 



326 T. H. HILDEBKANDT. 

be a pseudo-resolvent of k is that 

(c + X + Jk\ + '2i"iJ,ifj,oi = 0, 

K + X + «/Xk + Si"/IoiMi = 0, 

where the jxoi and jloi constitute complete sets of linearly independent solutions 
of the homogeneous equations | + Jk^ = and | + J|k = 0, respectively, 
and JjlifJiO} = «/^Mo«Mj = 5,7. 

The sufficiency of this condition without the additional postulate on 
the J is shown as in Theorem 4. 

In order to show the necessity, we make a study of the function: 

Ki = K +*X + JkX. 

It has the following properties: 

(a) Moi + •/^MoiKi = for every i. 
For 

JjloiKi = JjloiK + JmOiX + JJfioiK\ = Jp.OiK = — jloi. 

As a consequence the equation | + J^ki = has at least the n Unearly 
independent solutions moi, • • •, Aon- 

(b) Jmo.Ck — ki) = for every i. 
This is a direct consequence of (a). 

(c) If M is such that JmoiM = for every i, then JkiJI = and conversely. 
For suppose Jmo«m = for every i. Then the equation m = ? + /«! has 
a solution: 

k = jj. + JXm + 2CiMo«. 

If we substitute this value of ^ in the equation jl = I + JkI, we find that 
J Kilt = 0. The converse is obtained from (a) by multiplying by ji and 
operating with J. 

(d) Jki(k - Ki) = 0. 

This is an immediate consequence of (b) and (c). 

(e) The function Jkiki satisfies the condition: 

JkiKi + J{JkiKi)k = 0. 
For consider the expression ki + Jkik. We have: 

«/^MOt(Kl + Jkik) = JjloiKi + JJnoiKiK = — jUfli + MOJ = 0. 

Applying the result (c) we find: 

Jki{ki + Jkik) =0 or JkiKi + J{JkiKi)k = 0. 
As a consequence 
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(/) Jkiki = Si"/x</io<> and as a matter of fact Jittaixj = 8<y. 
For 

But JJfioiKiKi = Moy, and the /loy are linearly independent. Hence 

(gr) The functions Jn satisfy the homogeneous equation \ + JkiI = 0. 
For 

according as we- multiply the expression Jkiki by ki on the left or right 
and operate with J. If we multiply the equality: 

S/ki/I./Io,- = — S/t,/lo,- 

by ixj on the right and operate with J, we obtain: 

jKijXf = — My. 

(A) Every solution of | + Jki| = is a linear combination of the jii 
and every solution of | -h J|ki = is a linear combination of the /lo.-. 
For every solution of | + Jki^ = is also a solution of 

I - J (Jkiki) I = 0, 

and every solution of | + J|ki = is also a solution of i — J|(Jkiki) = 0. 
If we replace Jkiki by its value 2;i"/I,/io„ th6 result is immediate. It 
follows from this resxUt that the {In and mo, constitute complete sets of 
solutions of the homogeneous equations in ki. 

(i) J{ki + Sm,mo.)m = for every m of the class $&J. 

For every m is expressible in the form: 

M = 2;(JMofM)M< + Mo, with /mo,mo = for every i. 
Now 

J(ki + SM,Mo.)(2CyM,) = 'SjCjjKifij + 'ZijCjJxiJji.oiiii.j 

= — ^jCjIlj + 'ZjCjlij = 0. 
Obviously ^ ' 

•/^MiMoiMo = iiiJiioilio = for every i 
and by (c) 

Jkimo = 0. 
Hence 

J{ki + S/XiMotOM = J{ki + '2itXitioi^{'ZjCjyLj + mo) = 0. 

If J is definite on the left it follows that 

Ki + ^jxiilai = or Ki = — Sm.moi. 
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In other words we have : 

(j) K + X + Jk\ + S/x./ioi = with Jiioifi} = 5,7. 

In order to show the correctness of the second relation: 

K + X + JXk + S/ioiM.- = 

we notice that the equation 

X + Jk\ = — K — SjU./lo.- = Ki — K 

fulfills the conditions required by the hypothesis of the theorem to enable 
us to solve for X. We find: 

X = — K — S/It/lo.- — /X(k + Smj/xo,) + S/iofMit 

= — K — J\k — S()itf + J\fii)ij,oi + SittofMi*. 

By multiplying the first relation by Jii and operating with J, we find: 

jKili + JXm + JjKkiii -\- Hi = 0, 
i.e., 

ixi + JXjii + J Kiln + J\y.i) = 
and so 

Mi + J\ln = lijCijtloj. 

Hence if we let 

Mi = Ml.- + l/jtiajCji, 

X + K + «/Xk + 'Sjj.oilJ'i = 0. 

If we multiply this relation through by Moy and operate with /, we find: 

JXjloj + Jkhoj + JJXkJIo} = ~ Si/Ioi/MfMoy 
or 

and hence on account of the linear independence of the /toy, 

Ji>-iMi = 5,7. 

This completes the proof of the theorem. 

If we define pseudo-resolvents in terms of the solution of the adjoint 
equation | + J\k- = v, we get the same result as in Theorem 5, if we 
assume J to be definite on the right. 

Obviously we can show that a pseudo-resolvent X for the equation 
i -j- Jk^ = 7) will also be a pseudo-resolvent for the adjoint equation 
I + J|/c = ■q and conversely. 

If we drop the condition that J is definite on the left in Theorem 5 it 
becomes: 

A necessary and sufficient condition that X be a pseudo-resolvent is that 

K -h X -f Jk\ -\- S/li/lot = Ko, 

K -j- X + J\k -f 2/iOtM« = KO + t/XKo, 
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where Jjloiii} = Jiiiiioj = 5,y, and kq is such that JkoJI = for every jl of 
the class 3?J, and JmoiKo = for every i. Such a X will not serve as a 
pseudo-resolvent for | + J|k = j? unless we have also Jmko = for every 
M of m. Then JXkq = also. 

The following theorem is of importance in obtaining functions X satis- 
fying the pseudo-reciprocal relations of Theorem 5: 

6. A necessary and sufficient condition that a kernel of the form : 

Ki = K + 'Eijaijixijj.j, 

where Jiioijxj = Jiiiixoj = hij, have no zero solutions, i.e., he such that | -|- Jk^i 
= has as consequence $ = 0, is that the determinant of the elements aij 
he different from zero. The reciprocal X of any such /ci will satisfy the rela- 
tions of Theorem 5, i.e., he a pseudo-resolvent of k. 
Suppose that | is a solution of 

\ + JkiI = } + J{k + l^ijaijiliilj)l = 0. 

If we multiply by jloi and operate with J, we get : 

IijaijJiljl = 0, 
and so 

I -tr JkI = 0, i.e., ^ = 'EkCkiiok. 

In order to determine the c* we substitute in the relation HjaaJjlji — 0, 
and obtain: 

'ZijaijCj = 0. 

A necessary and sufficient condition that Cj = be the only solution of 
this set of equations is that the determinant of the a,y be different from 
zero. 

The second part of the theorem follows as in Theorem 3. 

Obviously the determination of X satisfying the pseudo-reciprocal is 
not unique. We note that : 

7. // Xi and X2 hoth satisfy the equations of Theorem 5 for the same k, 
then they differ by a function of the form ^ijbijixoifioj. 

For the difference Xi — X2 of two such functions will satisfy the 
equations : 

Xi - X2 + Jk(\i - X2) = 0, 

Xi - X2 + JCXi - X2)k = 0, 

from which it follows that Xi — X2 is expressible in the form Siyftvy/xo.Mo; 

In the above two theorems it was assumed that /lo. and jloi constituted 
complete sets of solutions of the homogeneous equations | -|- Jk} = 
and I + JIk = 0, respectively. If we drop this condition, we get: 
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8. If K and X satisfy a pair of equations of the form of the pseudo- 
reciprocal relations of Theorem 5 : 

K + X + Jk\ + liJJiijxoi = 0, 
K + X + J\k + SMoiM* = 0, 

in which J"/l>Moy = «^MoiMy = ^a {h J = "i-, • • • , n) so that each of the four 
sets of functions /i,-, /*,-, mo.-, mo.- constitutes a linearly independent set, 
then the solutions of the equation | + J"k| = are linear combinations 
of* Mo.-; of the equation | + /|k = 0, are linear combinations of {ioi', and 
obviously on account of the symmetry, the solutions of the corresponding 
equations in the X will be linear combinations of the m,- and m,-, respectively. 
For suppose m + Jkjj, = 0. Then if we mxiltiply the second of the 
relations of the theorem by /t and operate with J we find: 

JkIx + JXfx + JJ\kJi + S/iot«^M»M = ~ M + liiiniJixi^ = 
or 

The other results are obtained in a similar way. 

If we multiply the first of the two relations of this theorem by mo.- on 
the right and operate with J we get : 

t/^Mo.-K + /mo.-X + JJlXoiic\ + Mo.- = 0, 

i.e., Moi + /mo.-k is a solution of the equation | + J"|x = 0. Similar results 
are obtainable for the other three homogeneous equations. 

9. If K and X satisfy the relations of Theorem 8, and if the equation 
\ + J\\ = has no solution excepting $ = 0, then the mo.- and mo.- are the 
solutions ofl + JkI = and \ + «^|k = respectively; and "Kisa reciprocal 
of a function of the form : 

Ki = K + 'Lijaijit.iii.j. 

The first part of the theorem follows immediately from the remarks 
at the close of Theorem 8. As for the second part, suppose that ki is a 
reciprocal of X. Then 

Ki + X + Jk\K = 0. 

Subtracting this from the first of the pseudo-reciprocal relations, we get : 

K — Kl + J{k — Ki)X -1- "Liiiil^i. 

Since ki is a reciprocal of X we have: 

K — Ki= — I^iiiiiloi + Jmo.-Ki). 

In a similar way we show that 

K — Kl = — S(mo.- + Jkimo.-)m.-, 
and so 

K — Kl = — "LijaaJtiiij. 



